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SUMMARY

This paper is devoted to the numerical simulation of non-linear wave di�raction by three-dimensional
(3D) surface-piercing structures in the time domain. Two di�erent methods are presented. First a second-
order di�raction model is described, in which a boundary-element method combined with a time-stepping
procedure are used to solve the �rst- and second-order di�raction problems in the time domain. The
Stokes expansion approach of the free surface non-linearities results in relatively moderate simulation
times, so that long simulations in irregular incident waves become feasible. The model has previously
been systematically validated by comparison with available semi-analytical frequency domain results on
regular wave di�raction about simpli�ed geometries. In the present paper, the �exibility and stability of
the time-domain approach to second-order wave di�raction are further demonstrated by the simulation
of bichromatic wave di�raction over a large number of incident wave periods. The second part of
the paper addresses the problem of fully non-linear wave di�raction. Again, the solution procedure
is based on a boundary element method (BEM) solution of the boundary-value problem in the time
domain, but the non-linear boundary conditions are accounted for without any approximation this time.
In this fully non-linear di�raction model, an explicit description of the incident wave is exploited to
solve the problem for the di�racted �ow only. This approach has a number of practical advantages
in terms of accuracy and computational e�ciency. In previous publications related to this approach
stream-function theory was utilized to model non-linear regular incident waves. In this paper, irregular
two-dimensional (2D) incident waves are modelled by means of a recently developed fully non-linear
time-domain pseudospectral formulation. An original coupling of this 2D pseudospectral model with the
3D non-linear BEM model is proposed, and its e�ectiveness is shown on the case of 2D wave packets
interacting with a vertical bottom-mounted cylinder. Copyright ? 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The accurate estimation of hydrodynamic interaction e�ects represents a major concern in the
design and operation of large o�shore structures. Signi�cant e�ects observed both at sea and at
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model scale, such as the ‘springing’ and ‘ringing’ behaviours of Tension Leg Platforms, cannot
be described by the usual radiation–di�raction theory. Motivated by these problems, strong
e�orts have been devoted to the development of non-linear wave–body interaction theories.
When �ow separation is not signi�cant, that is when the body is considered as ‘large’, the
�uid problem can be formulated using potential �ow theory. Two di�erent approaches may
then be adopted to cope with free surface non-linearities.
The �rst one is based on the assumption of weak non-linearity, so that all physical quantities

can be developed as perturbation series with respect to a small parameter � related to the
wave steepness. Historically, second-order wave–body interaction problems have �rst been
formulated and solved in the frequency domain, see e.g. References [1, 2]. In such formulations
one is faced, at �rst order, with one independent problem for each of the frequencies of
the incoming wave system, while at second-order independent problems are related to each
sum and di�erence frequencies. More recently, time-domain solution methods for second-
order di�raction problems have proved to represent a valuable alternative, Kim et al. [3],
with a number of potential advantages. As an example, there is a great �exibility in the
implementation of di�erent free surface conditions, so that the inclusion of a current super-
imposed to second-order waves is possible without major di�culties, see B�uchmann et al.
[4]. Initially restricted to simpli�ed problems such as vertical cylinders in regular waves, the
time-domain approach has further been applied to more complex structures, by implementing
higher-order local interpolation scheme for the computation of forcing terms on arbitrary free
surface con�gurations, while extensive validation with respect to existing frequency domain
benchmark results were produced [5].
The alternative consists in solving, in space and time, the complete non-linear boundary-

value problem. In the most common approach in this spirit, the generation of waves by a
wavemaker, their propagation and their interaction with the body are simulated as a single
process. Within such a procedure it is possible to simulate the conditions of real physical
experiments; however, numerical models developed in this way require considerable CPU and
memory resources for obtaining reasonably accurate results in three dimensions [6]. Ferrant
[7] proposed a fully non-linear di�raction formulation in which incident waves are described
explicitly and a boundary-value problem is formulated for the di�racted quantities, without
restriction on non-linearities. This non-linear di�raction approach proved to be computationally
very e�cient. Using stream-function theory [8] as an explicit model for non-linear regular
waves, a parametric study of the non-linear in�uence of wave amplitude on higher harmonic
di�raction loads was produced, while results of asymptotic second- and third-order theories
were recovered at low amplitudes, see e.g. Reference [9]. Fully non-linear wave–current–body
interaction problems were also solved using this scheme [10], with careful cross-validation
with �nite-order calculation [11].
In this paper, we present recent developments of both second-order and fully non-linear

time-domain approaches of the di�raction problem. The second-order model, previously vali-
dated on regular waves, is being extended to irregular wave di�raction. The overall accuracy
and stability of the scheme is illustrated by long simulations of the di�raction of bichromatic
waves about vertical bottom mounted or truncated cylinders. This demonstration opens the
way to long-term estimation of second-order wave–body interactions in irregular short-crested
seas, a problem which will be addressed in future publications. Regarding fully non-linear
di�raction, an extension of the scheme to irregular wave di�raction is proposed by repre-
senting incident waves using a pseudospectral 2D model. The successful coupling of this
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2D pseudospectral model with the 3D BEM solver is illustrated by simulating the non-linear
di�raction of 2D wave packets about a vertical bottom-mounted cylinder.

2. SECOND-ORDER TIME-DOMAIN MODELLING

In this section, we present the essential features, as well as recent results, of our second-
order time-domain di�raction model. This scheme has been previously validated for regular
Stokes waves di�raction, with emphasis placed on validation with respect to semi-analytical
frequency domain benchmark results [5]. Developments are now focused on the extension to
the simulation of irregular incoming waves. Within this progression, second-order di�raction
of bichromatic waves, whose numerical results of interaction with surface-piercing cylinders
are described hereafter, constitutes an intermediate step.

2.1. Mathematical formulation

We consider a three-dimensional �uid domain D, bounded by a free surface SF, a body surface
SB and a �at bottom surface SBT located at (z=−h). The domain is of in�nite extent in the
horizontal directions, and a Cartesian �xed co-ordinate system (O;x; y; z) is de�ned; z is
positive upwards and O chosen at the centre of the body at the mean water level. Moreover,
non-dimensional quantities are assumed in all the expressions of the present paper, based on
a reference length L and with the acceleration of gravity g as the acceleration of reference.
In a classical manner in the �eld of water waves, we chose the water depth h for reference
length.
Then we place ourselves in the framework of potential �ow theory, so that the governing

equation for the velocity potential �(x; y; z; t) in the �uid domain D is Laplace’s equation

��(M)=0; M(x; y; z; t)∈D (1)

Under the weak non-linearity assumption, the velocity potential � and the free surface eleva-
tion � are expanded into perturbation series

�= ��(1) + �2�(2) +O(�3) (2)

�= ��(1) + �2�(2) +O(�3) (3)

where � is a small parameter related to wave steepness 2A=� (A being the wave amplitude
and � the wavelength).
After separation of the incident and scattered parts of each variable �=�i+�d and �= �i+

�d, these quantities are plugged into the free surface dynamic and kinematic conditions in order
to formulate the boundary-value problems for the di�racted wave �eld at �rst and second
orders (k=1; 2, respectively)

@�(k)d

@t
=−�(k)d − �(k)i − @�(k)i

@t
+ F (k)2 − �(R)�(k)d ; M(x; y; 0; t)∈ SF (4)

@�(k)d

@t
=

@�(k)d

@z
+

@�(k)i

@z
− @�(k)i

@t
+ F (k)1 − �(R)�(k)d ; M(x; y; 0; t)∈ SF (5)
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with �rst- and second-order forcing terms de�ned as

F (1)1 = F (1)2 = 0 (6)

F (2)1 =−@�(1)

@x
@�(1)

@x
− @�(1)

@y
@�(1)

@y
+ �(1)

@2�(1)

@z2
(7)

F (2)2 =−1
2
|∇�(1)|2 − �(1)

@2�(1)

@z@t
(8)

In order to avoid re�ection of di�racted waves on the outer boundary of the domain, absorbing
terms governed by the space function �(R) have been added to the forcing terms in (4) and
(5), where R is the horizontal distance to the centre of the body CB. The extent of this
absorbing zone, active from a distance Rabs to the outer boundary located at a distance RSF
from CB, is typically of the order of magnitude of the incident wavelength. In our calculations
�(R) is chosen as such

�(R) = 0 for R¡Rabs (9)

�(R) =
1
2

(
R− Rabs
RSF − Rabs

)2
for Rabs¡R¡RSF (10)

On the body, a no-�ux Neumann condition applies

@�(k)d

@n
=−�(t)

@�(k)i

@n
; M(x; y; z; t)∈ SB (11)

where �(t) is a temporal ramp function varying from 0 to 1 at start of the simulation, which
is typically de�ned as one period of the �rst-order incident wave. This gradual imposition of
the body condition for the di�racted potential avoids any possible shock at the beginning of
the simulation.
Eventually, the condition on the sea bottom is

@�(k)d

@n
=0; M(x; y; z; t)∈ SBT (12)

To supplement these equations, an extinction condition of the scattered potential at in�nity,
and an initial undisturbed incident wave condition must be added

�(k)d = 0 k=1; 2; M(x; y; z; 0)∈D (13)

�(k)d → 0 k=1; 2; M(x; y; z; t)∈D (x; y)→∞ (14)

For the incoming wave �eld, an irregular wave pattern composed of n di�erent frequencies
!j( j= 1; n) is used. The �rst-order solution can then be written as a simple superposition of n
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�rst-order Airy waves

�(1)i =
n∑

j=1
Aj cos(!jt − kjx) (15)

�(1)i =
n∑

j=1
Aj

!j

kj

cosh kj(z + 1)
sinh kj

sin(!jt − kjx) (16)

where Aj is the amplitude of the jth component and kj its wave number.
The second-order wave expression comes, on one hand, from the self-interaction of waves,

and on the other hand, from the interaction of waves with each other. The resulting expressions
for the second-order free-surface elevation and potential can then be split into two components,
in order to point out the sum-frequency and di�erence-frequency modes. As an example, the
formulations of solutions in the case of �nite depth second-order wave–wave interaction can
be found in Reference [12]. As well, the following expressions, expressed at M(x; y; z; t) in
D, correspond to the second-order potential in the case of multichromatic incident waves
propagating in the (O; x) direction:

�(2)i =�(2)+i + �(2)−i (17)

�(2)±i =
n∑

j=1

n∑
l=1

1
2

a±jl
((!j ±!l)

2 − k± tanh k±)
cosh k±(z + 1)
cosh k±

sin( j ±  l) (18)

in which  j= kjx −!jt, and where

a±jl = ajal

[
1
2

(
!3j

sinh2 kj
± !3l
sinh2 kl

)
+!j!l(!j ±!l)

(
1

tanh kj tanh kl
∓ 1
)]

(19)

k± =
√

k2j + k2l ± 2kjkl (20)

The second-order free-surface elevation formulation is developed in the same way. More-
over, a time-dependent term �(t) is added to the expression of the second-order potential to
assure zero mean water elevation in time

�2(t)=−
n∑

j=1

a2j kjt
2 sinh (2kj)

(21)

2.2. Numerical method

The boundary integral equation method is used to solve the �rst- and second-order boundary-
value problems. Green’s identity is applied to the scattered velocity potential and to the free
space Green function (G(M;M ′)=−1=4�MM ′, Rankine source); this leads to the following
integral formulation of the problem:

�(M)
4�

�(k)d (M)=
∫
SM′

[
�(k)d (M

′)
@G
@n′

−G
@�(k)d

@n′
(M′)

]
dSM′ (22)
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where �(M) stands for the internal solid angle at the considered point M(x; y; z; t), and M′

is the integration point on the boundary of the �uid domain.
The boundary-value problem is solved by means of a BEM based on isoparametric triangular

elements. The variation of the solution is taken linear over each element. In a second-order
simulation the geometry of the domain is invariant in time, thus the kernel matrix of in�uence
coe�cients is calculated only once at the beginning of the simulation. The time integration of
dynamic (4) and kinematic (5) free surface conditions is carried out through a fourth-order
Runge–Kutta time-marching scheme.
The numerical calculation of the forcing terms requires the determination of the space

derivatives of � and �, at the nodes of the discretized domain. Therefore, the reliability of
the solution directly depends on the accuracy of the numerical scheme used to evaluate these
space derivatives. In order to extend the domain of application to arbitrary geometries, we
have hence chosen local higher-order interpolation schemes based on local spline patches
[13] allowing an arbitrary distribution of the mesh nodes. Depending on the location of the
considered node on the free surface, pseudopolynomial splines or ‘thin-plate’ splines have
been implemented to cope with the calculation of the space derivatives. These methods have
previously been validated [5] for the calculation of the velocity potential derivatives in the
cases of single or multiple cylinders, by comparison with semi-analytical solutions [14, 15].

2.3. Results

In order to check the e�ectiveness of our time-domain second-order di�raction model, it has
�rst been validated with existing frequency domain reference results, in the case of single
or multiple cylinders. An example of such a validation test on regular wave di�raction is
brie�y presented here. We consider a con�guration of four cylinders placed at the corners of
a square of side length d; so these cylinders of radius a=h= 1

3 are equally spaced (d=h=2).
The wave number of the regular incoming wave �eld is k0h=1:036, the domain discretized
is cylindrical with RSF = 14 from the centre of the square. An absorbing zone is active from
Rabs = 7:5 to RSF . Figure 1 shows the second-order maximum runup observed on the downwave
cylinder, with A the wave amplitude. Our time-domain results are confronted to results issued
from a frequency domain formulation (personal communication of 	S. Malenica). The observed
agreement is very satisfactory since the comparison on the second-order oscillatory runup is
the most selective test for a second-order di�raction calculation.
We have then proceeded to calculations of irregular wave di�raction cases, described here-

after. The incoming wave �eld is composed of two di�erent waves propagating along the
(O; x) axis. Owing to the xOz symmetry plane the discretized domain is taken as half the
physical domain. To simulate bichromatic waves di�raction, the mesh close to the cylinder
has to be �ne enough to resolve the smallest di�racted waves, and at the same time the
domain has to be large enough for the longest waves to be correctly absorbed in the far �eld.
For instance, in the present simulations the mesh density in the vicinity of the body is about
140 panels per smaller �rst-order wavelength, while the whole mesh counts 14 000 panels.
The time step selected is about one 100th of the shorter �rst-order wave period.
First a bottom-mounted single circular cylinder is considered, with radius a=h=1=4; the non-

dimensional wave frequencies are !1 = 2:19 and !2 = 2:68, and their corresponding
amplitudes A1=h=A2=h=0:0625. The absorbing zone is active from Rabs = 8 to RSF = 17. Pre-
sented in Figure 2, the time series of �rst- and second-order runups on the cylinder cover
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Figure 1. Second-order maximum runup on the downwave cylinder, a=h=0:25, d=h=2, k0h=1:036.
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Figure 2. First- and second-order runups on the cylinder for a=h=0:25, !1 = 2:19 and !2 = 2:68.

about seven second-order di�erence-frequency periods; the signals present a good stability.
One �nds another illustration of that case in Figure 3 where a snapshot of the free surface
deformation is plotted, at an instant of maximum elevation at the upwave part of the cylinder.
The incident 2D propagating and the scattered, radially expanding, wave �elds are clearly
observable.
In the second simulation, we chose one of the test cases recently proposed in the frame of

ISSC’2000 [16]: a truncated vertical cylinder of radius a=8m, and draught d=24m is placed
in water of depth h=489m. The characteristics of the bichromatic incident waves are T1 = 9s,
A1 = 3:95 m and T2 = 12 s, A2 = 7:025 m. The simulation has been run over approximately
10 periods of the di�erence-frequency second-order component, which corresponds to about
350 s real time. Figure 4 shows the di�erent components of the runup. The perfect stability
of the scattered part during the whole simulation is noticeable, which is especially visible in
Figure 4(a). This is a reliable indication of the e�ciency of the absorbing zone, since no
visible perturbation is re�ected back from the outer boundary. Time series of the total �rst-
and second-order runups (incident + scattered) are plotted in Figure 4(b).
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Figure 3. Instantaneous free surface elevation, a=h=0:25, !1 = 2:19 and !2 = 2:68.
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Figure 4. Runups of ISSC case: (a) total scattered runup, (b) �rst- and second-order
runups (incident + scattered).

2.4. Comments

The second-order di�raction of bichromatic waves by truncated and bottom-mounted cylinders
has been simulated over signi�cant periods of time, demonstrating the stability and accuracy
of our time-domain second-order di�raction model. A precise comparison with available fre-
quency domain results for irregular incoming wave pattern is di�cult, since our scheme
delivers the total di�racted quantities, while frequency domain formulations give results in-
dependently for each frequency. However, the excellent validation results already obtained
in regular waves give us a strong con�dence in the bichromatic wave di�raction simulations
presented in this paper. Second-order di�raction simulations in realistic short-crested seas will
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be presented soon. In parallel, the implementation of an active absorption scheme combined
with the absorbing layer is in progress, expected to lead to a reduction of the domain size
and thus to further reduce memory and CPU requirements.

3. FULLY NON-LINEAR DIFFRACTION MODEL

In this section, a brief outline of the formulation of our 3D BEM fully non-linear di�raction
model is given. More details on the implementation of this model, as well as extensive results
in the case of regular wave di�raction with or without current were previously reported, see
e.g. References [9–11].

3.1. Semi-Lagrangian formulation

As for the second-order model, we consider a three-dimensional �uid domain D, bounded by a
free surface SF, body surface SB and bottom surface SBT at z=−h, and of in�nite extent in the
horizontal directions. We remain in the frame of potential �ow theory and as in Section 2 all
the expressions are non-dimensionalized with respect to water depth h and the acceleration of
gravity g. The �uid velocity inside the domain thus derives from a scalar potential satisfying
Laplace’s equation

V(M) =∇�(M); M(x; y; z; t)∈D (23)

��(M) = 0; M(x; y; z; t)∈D (24)

On the free surface, both kinematic and dynamic conditions must be satis�ed. The kinematic
condition states that the mass �ux through the free surface is zero, and writes, in Lagrangian
form

DM
Dt

=∇�; M(x; y; z; t)∈ SF (25)

If surface tension is ignored, the dynamic condition expresses the continuity of the pressure
across the free surface, and derives from Bernoulli’s equation

D�
Dt
(M)=−z +

1
2
|∇�|2; M(x; y; z; t)∈ SF (26)

where D=Dt stands for the material derivative. Equations (25) and (26) suppose a fully
Lagrangian description of the free surface, with markers identi�ed as material points. In the
present paper, the formulation will be modi�ed by inhibiting the horizontal motions of free
surface markers, leading to a semi-Lagrangian description. In such a formulation, the free
surface vertical co-ordinate becomes implicitly single valued

z= �(x; y; t); M(x; y; z; t)∈ SF (27)

Plugging this notation into (25) and (26), and after some manipulations, we obtain new forms
of the non-linear kinematic and dynamic boundary conditions, in which a �xed projection of
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free surface markers in the xOy plane is implied

d�
dt
(M) =

@�
@z

− @�
@x

@�
@x

− @�
@y

@�
@y

; M(x; y; �; t)∈ SF (28)

d�
dt
(M) =−�− 1

2
|∇�|2 + @�

@t
@�
@z

; M(x; y; �; t)∈ SF (29)

where � is again the free surface elevation, and z still positive upwards with its origin on
the mean position of the free surface. And here d=dt stands for the pseudomaterial derivative,
following a marker vertically with inhibited horizontal motion.
On �xed material boundaries, no-�ux Neumann conditions are applied

@�
@n
(M)=0; M(x; y; z; t)∈ SB ∪ SBT (30)

3.2. Formulation for the non-linear di�raction �ow

In this di�raction model, an explicit representation of the incident wave system is supposed
to be available. The corresponding �uid velocity derives from the potential �i(M(x; y; z; t)),
while the undisturbed incident wave elevation is �i(x; y; t). Then we de�ne the di�raction
potential and wave elevation by

�(M) =�i(M) + �d(M); M(x; y; z; t)∈D (31)

�(M) = �i(M) + �d(M); M(x; y; �; t)∈ SF (32)

After some manipulations, the following boundary-value problem to be solved for (�d; �d)
is obtained:

��d(M)=0; M(x; y; z; t)∈D (33)

with on the free surface [z= �(x; y; t)]

d�d
dt
(M) =

@�d

@z
−∇(�i + �d)∇(�i + �d)− d�i

dt
+

@�i

@z
− �(R)�d (34)

d�d

dt
(M) =−(�d + �i)− 1

2
|∇�d +∇�i|2 + @(�i + �d)

@t
@�d

@z
− @�i

@t
− �(R)�d (35)

while the condition at in�nity is simply

�d(M)→ 0; M(x; y; z; t)∈D; R→∞ (36)

In these equations, the terms involving �i and �i will be evaluated from the incident wave
model. Damping terms involving functions �(R) have also been included (R denotes the radial
distance from the origin). The role of these terms is to absorb di�racted waves on the outer
part of the free surface mesh.
Initial conditions in the domain correspond to the incident wave without perturbation

�d(M)=0; M(x; y; z; 0)∈D (37)
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On the body, the no-�ux conditions writes

@�d

@n
(M)=−�(t)

@�i

@n
(M); M(x; y; z; t)∈D (38)

in which �(t) is a smooth ramp function varying from 0 to 1 during the beginning of the
simulation (typically 1–2 wave periods), for regular wave di�raction problems. For wave
packets di�raction, as presented in this paper, the incoming �ow �eld is zero in the vicinity
of the body at t=0, so this ramp becomes useless.
It must be emphasized that the boundary-value problem being non-linear, Equations (34)

and (35) will be satis�ed on the instantaneous free surface position, so that the incident
potential �i may possibly be evaluated above the undisturbed incident wave z= �i(x; y; t).
This is possible only if the incident potential has a continuous extension above the incident
wave. This is the case for regular non-linear incoming waves described by stream-function
theory. For arbitrary incoming waves, the time-domain pseudospectral model described in the
following section has the same property, as the potential is described using a set of global
basis functions de�ned throughout the domain.

4. FULLY NON-LINEAR PSEUDOSPECTRAL MODELLING OF INCOMING WAVES

4.1. Introduction

The pseudospectral scheme is a global approach, in which the solution is expanded in terms of
functions known everywhere in the physical domain. This means that the numerical solution
is not based on a discretization of the physical domain, contrary to methods more commonly
used in hydrodynamics, such as the BEM or the �nite-element method (FEM). The main
approximation is thus on the truncation of the functional series. When these functions are
orthogonal one with each other (as it is the case in the proposed method), the accuracy grows
nearly exponentially with the number of functions used in the expansion; this behaviour is
referred to as the ‘spectral convergence’. The counterpart of this attractive feature is mainly
found in the limitation to simple geometrical domains, such as the rectangular tank we use in
the present paper. For a general review of the applications of spectral methods in general CFD,
see References [17, 18]. In applications to free surface inviscid �ows it is possible to �nd, for
some geometries, orthogonal functions satisfying Laplace’s equation, so that the coe�cients of
the spectral expansion are determined through the free surface conditions only. This approach
has �rst been combined to a perturbation expansion of the free surface conditions [19, 20] and,
more recently, it has been used to solve fully non-linear 2D [21, 22] or 3D [23] free surface
problems. In the present paper, a pseudospectral approach is applied to generate an incoming
wave �eld about a 3D cylinder structure placed in a 2D rectangular tank, starting from an
initial non-�at free surface deformation. The basis functions set for the spectral expansion
are the natural modes of the �uid domain, they compose an orthogonal basis and solve the
boundary-value problem in the physical space.

4.2. Mathematical formulation

In this section, a two-dimensional tank of mean water depth h and length Lx is under consid-
eration, partially �eld with an inviscid �uid. A Cartesian �xed co-ordinate system (O;x; z) is

Copyright ? 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1257–1277



1268 P. FERRANT, D. LE TOUZ�E AND K. PELLETIER

de�ned in the same manner as previously, O being situated at the level of water at rest and
at the left wall of the tank. We also assume the �ow to be irrotational; thus the �uid velocity
in the whole �uid domain D derives again from a scalar potential �i(M(x; z; t)) satisfying
Laplace’s equation

��i(M)=0; M(x; z; t)∈D (39)

On the tank walls and bottom the potential �i has to satisfy homogeneous Neumann con-
ditions. Initially the �uid is at rest. We also suppose the free surface to be single valued and
represented at every time by z= �i(x; t). Hence, the non-dimensional kinematic and dynamic
conditions at the free surface SF are formulated as follows (non-dimensionalization being done
with respect to the depth h and the acceleration of gravity g):

@�i

@t
(M) =

@�i

@z
− @�i

@x
@�i

@x
; M(x; �i; t)∈ SF (40)

@�i

@t
(M) =−�i − 1

2

[(
@�i

@x

)2
+
(
@�i

@z

)2]
; M(x; �i; t)∈ SF (41)

A set of initial conditions is joined to these equations:

�i =0;
@�i

@x
=0;

@�i

@z
=0; M(x; z; 0)∈D (42)

�i = �i0 (x); M(x; �i; 0)∈ SF (43)

where the initial water elevation �0 is such that the mean water elevation is null at t=0.
We further decompose the velocity potential �i into a truncated series of the natural modes

of the tank

�i(M)=
N�∑

m=0
am(t) m(x; z); M(x; z; t)∈D (44)

where the spatial functions ( m(x; z); m=0→N�) are the natural modes of the tank, and the
(am(t); m=0→N�) the ‘modal time amplitudes’. Having introduced this decomposition into
the governing equation (39) and homogeneous Neumann conditions on the tank walls it comes

 m(x; z)= cos(kmx)
cosh[km(z + 1)]
cosh[km]

(45)

in which km=m�=Lx is the wave number associated to the mth mode.
Now, the only remaining unknowns of the problem are the modal time amplitudes am(t)

and the free surface elevation �i, which have to satisfy the free surface conditions rewritten
as

@�i

@t
(M) =

@�i

@z
− @�i

@x
@�i

@x
; M(x; �i; t)∈ SF (46)

N�∑
m=0
(am)t(t) cos(kmx)

cosh[km(�i + 1)]
cosh[km]

=−�i − 1
2
|∇�i|2; M(x; �i; t)∈ SF (47)
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4.3. Numerical solution

These last two equations (46) and (47) are discretized at N� di�erent collocation nodes of the
free surface SF, with N�¿N�+1. We therefore get N� and N�+1 unknown values for �j and
am, respectively, at each timestep. To update these unknowns, we use the fourth-order Runge–
Kutta scheme; knowing the �j and the am at t, this time-marching scheme directly provides
the �j at t + �t from the kinematic free surface condition (46). However, the knowledge
of the am-unknowns at t + �t requires the additive resolution of an N� × (N� + 1) linear
system assembled from the dynamic condition (47) taken at the N� collocation nodes. This
resolution furnishes the N� (am)t necessary to obtain the am-unknowns at each substep of
the Runge–Kutta scheme. The previous linear system is either square (if N�=N� + 1), or
overdetermined (if N�¿N�+1). If the system is square, its solution is obtained by means of
the preconditioned iterative GMRES solver, whose number of operations is typically O(N 2

� )
when the number of iterations is small compared to N�. Otherwise the Householder method
for overdetermined systems is chosen; its number of operations being O(N 3

� ). Overdetermi-
nation is applied in some simulations to increase the stability of our solution and help global
convergence. This technique was previously used by Kim et al. [21]. Numerical results for
two- and three-dimensional free surface �ows in tanks submitted to forced motions obtained
using this formulation were compared to existing data and presented in the recent past, see
Reference [23].

5. COUPLING 2D PSEUDOSPECTRAL AND 3D BEM SOLUTIONS

5.1. Coupling aspects

As brie�y stated in Section 3.2, the key point of the coupling method proposed in the present
work lies in the possibility to estimate the incident wave �eld potential not only on the
undisturbed incident free surface, but also at the instantaneous free surface location. This
section is intended to provide arguments supporting the validity of the coupling scheme, as
well as to highlight its signi�cant advantages in terms of numerical e�ciency, compared to a
direct approach of the non-linear wave–body interaction problem.
The most simple way to get convinced of the validity of the global quantities decompo-

sition, as proposed in Equations (31) and (32), is to consider it as a purely mathematical
change of variables, in which the new unknowns (the scattered parts) derive from the pre-
vious ones (the total free surface deformation and velocity potential) by a simple subtrac-
tion of known parts (the incident ones). This change of variables implies no approxima-
tion, as we keep on solving the original fully non-linear problem, through equations (33)
–(38). Especially, fully non-linear free surface conditions (34) and (35) remain applied at
the instantaneous free surface location. However, for this change of variables to be possible,
the incident velocity �eld must possess a continuation across the incident free surface, so
that it can always be evaluated, even when the instantaneous total free surface lies above
the incident one. This condition is satis�ed both by the stream-function theory we use to
model regular non-linear waves, and by the 2D pseudospectral scheme introduced in this
paper to generate non-linear irregular wave �elds, as in both schemes the potential is ex-
pressed in the form of series of harmonic functions de�ned continuously in the whole do-
main. On the contrary, such a scheme could not be applied with incident waves produced
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by a 2D fully non-linear BEM code, for instance, because the last condition would not be
ful�lled.
The motivation for applying this coupling method is to be found in its computational

e�ciency. First, the incident wave �eld is described either semi-analytically in the case of
regular waves, or with quasi-arbitrary accuracy for 2D irregular waves, using the proposed
pseudospectral method. The incident wave �eld is therefore not a�ected by discretization errors
in the 3D numerical scheme used to model di�racted quantities. For example, in the present
illustration of the coupling scheme, the size of the free surface mesh and the discretization
parameters are only adapted to the di�racted �ow, that reduces to outgoing waves in the far
�eld. For a given accuracy, the size of the problem to be solved is then dramatically lowered,
compared to a direct approach in which the total 3D �ow would have to be simulated.
Another important consequence of the change of variable is that conditions at in�nity reduce to
Equation (36), which simply expresses that the di�racted �ow vanishes there. In the numerical
scheme this condition is easily accounted for, by absorbing di�racted quantities, through terms
added to the free surface conditions in the outer part of the mesh. Consequently, the coupling
scheme provides a simple and e�cient way to model fully non-linear wave–body interaction
problems in an unbounded domain.
Practically, the 3D BEM di�raction code requires the knowledge of the incoming velocity

potential �i, and its derivatives @�i=@x, @�i=@z and @�i=@t on the instantaneous position of
the free surface, thus possibly above the undisturbed incoming free surface as explained
previously. The di�raction code needs also to be provided with the incoming free surface
elevation �i and its derivatives @�i=@x and @�i=@t.
Having stored the modal time amplitudes am and their time derivatives (am)t at the cor-

responding non-dimensional time, the incoming velocity potential �i and its derivatives may
be straightforwardly reconstructed from expressions such as (44) and (45); and this, at any
necessary spatial position. On the other hand, the incoming free surface elevation �i and its
spatial derivative @�i=@x are stored at the collocation nodes and are interpolated in between by
means of B-splines. Eventually, the time derivative @�i=@t is directly derived from all those
quantities through the kinematic free surface condition (46).

5.2. Generation of a wave packet using a non-�at initial free surface deformation

In order to check the e�ectiveness of the coupling of our 2D pseudospectral and 3D BEM
models, we have proceeded to the simulation of a 2D wave packet interacting with a bottom-
mounted cylinder. The wave packet is generated by means of a simple non-�at initial defor-
mation imposed to the free surface at t=0, the �uid kinematics being set null. The incoming
wave packet thus results of the numerical solution of a 2D fully non-linear Cauchy–Poisson
problem.

5.2.1. Data set. In our case, the initial Cauchy–Poisson ‘bump’ is located at the left-side
wall of the 2D 80× 1-rectangular wave tank used in our 2D pseudospectral model. Resulting
waves will propagate from left to right, and disperse all along the tank during the simulation.
The initial non-�at free surface deformation �i0 is chosen as such

�i0 (x)=	(e−x2−e−16)− k	
(
1 + cos

(�x
4

))
for 06x64

�i0 (x)=0 for x¿4
(48)
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where 	 is an amplitude coe�cient and k	 the corresponding coe�cient ensuring the nullity
of the initial volume (compared to the volume of water at rest), the co-ordinates origin being
chosen on the left wall at the level of water at rest. The number of natural modes selected
for our converged simulations is N�+1=301, and the number of collocation nodes chosen is
N�=601. That is to say we use a 2-times overdetermination which ensures the stability of
our solution even for the highest steepness used in the simulations.
Concerning the BEM model parameters now, the 3D BEM mesh is axisymmetrical, com-

posed of three di�erent surfaces: the vertical bottom-mounted cylindrical body itself of radius
rbody=h=0:5, a free-surface ring-shaped mesh re�ned close to the body, and an outer vertical
cylinder of radius routlet=h=8. The co-ordinates origin is situated at the cylinders’ centre, at
the vertical level of water at rest. On the free surface, a ring-shaped absorbing zone goes
from r=h=4:5 to the outer cylinder. The 3D mesh selected counts 11 600 panels. The �uid is
at rest at t=0, and the free surface is undisturbed.
The matching between the 2D and 3D domains is done considering the 3D origin to have

the following co-ordinates in the 2D domain: (x=h=10; z=h=0). The time step used in the
pseudospectral code is chosen as one half of the one used for BEM computations, this in
order to provide incident wave information at each step of the di�raction code time-marching
scheme without interpolation.

5.2.2. Results. Two 2D pseudospectral=3D BEM-coupled simulations were run, further re-
ferred as ‘4%-steepness’ and ‘6%-steepness’ cases. The steepness is de�ned here as the
maximum—in time and at the cylinder position (x=h=10)—of the ratio (C+T )=�, where
C and T stand for the heights of two successive crest and trough, and where � is two times
the x-distance between this crest and this trough. The time steps used in the pseudospectral
code are �t=2:62× 10−2 and 1:31× 10−2 for the ‘4%-steepness’ and ‘6%-steepness’ cases,
respectively.
Figures 5 and 6 show the time evolution of the incoming free surface in the two cases,

the cylinder being placed quite close to the initial hump (at x=h=10). In Figure 5, the
incoming free surface deformation is plotted at four di�erent times of the dispersion of
the wave packet, and in Figure 6 one can see the time series of the incoming water el-
evation at the cylinder location. At t=0, the free surface is deformed only close to the
left-side wall of the 2D tank (Equation (48)), the cylinder is therefore surrounded by still
water. Then the development of a wave train clearly appears, long waves �rst followed by
shorter and shorter waves. This is a classical �gure of dispersion, group velocities increas-
ing with wavelengths. The packet presents also a typical non-linear behaviour with higher
crests than troughs, which is very logically more pronounced for the highest steepness. Af-
ter a long enough period of time, the water is back to rest in the vicinity of the cylinder
location.
In Figure 7, we present the runups on the vertical cylinder; the incoming, scattered and

total water elevation at the upwave and downwave positions on the cylinder waterline are
plotted. At this location, the relative amplitude of the scattered wave compared to the total
elevation is noticeable (close to 1 in the 6%-steepness case); and its average phase is as such
that total crests and troughs are magni�ed. The irregular pattern of the packet generated is
clearly visible as well: wave heights and wave periods are distributed in the ranges [0:; 0:24]
and [1:; 7:], respectively, corresponding range in wavelengths being at square of the one in
periods.
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Figure 5. Incoming wave elevation in the tank at four di�erent times (on the left:
4% steepness, on the right: 6% steepness).

In Figure 8, we give 3D snapshots of the �uid domain for three di�erent times of the
‘6%-steepness’ case. The wave packet propagates from left to right. The �rst plot on top
of the �gure shows the beginning of the interaction phase, the free surface deformation is
mostly two-dimensional up to that time. The second plot corresponds to the highest wave in
the packet impinging on the cylinder inducing strong di�raction e�ects, that propagate radially
from the cylinder. On the last plot, the main part of the incident wave packet has propagated
away, leaving the di�raction pattern around the cylinder clearly visible.
Hence, the coupling of our two models proved to be e�ective and stable, reproducing

well the fully non-linear di�raction of the wave packet on the cylinder. Moreover, it has
been checked that the 2D pseudospectral model actually presents the expected characteristics
in terms of convergence and accuracy. In the simulations relative error on the volume and
energies was of the order of 10−7, ensuring a very accurate description of the incoming wave
�eld in the 3D BEM model.
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Figure 6. Time series of the incoming wave elevation at the cylinder location for two steepness.

6. CONCLUSION

A second-order and a fully non-linear time-domain approaches for water wave di�raction by
arbitrary 3D structures have been presented in this paper. In both models, a BEM solution
of the initial boundary-value problem is implemented. The BEM is based on piecewise linear
isoparametric triangular elements, while higher-order local interpolation using spline patches
is applied for the computation of �uid velocities and free surface geometry. This mixed
scheme combines a very good computational e�ciency, compared to higher-order BEMs,
with a satisfactory accuracy. In second-order simulations, the usefulness of the scheme is
demonstrated by simulating the di�raction of bichromatic waves by vertical cylinders over a
large period of time, with excellent stability of the computed wave �eld. These results open the
way to the long time simulation of the interaction of irregular short-crested seas with o�shore
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Figure 7. Time series of incoming, scattered and total wave elevation in front and
behind the cylinder, for two steepness.
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Figure 8. 3D view of the free surface; ‘6%-steepness’ case. Vertical magni�cation =10.

structures. In this way, a direct time-domain estimation of the statistics of second-order loads,
runup and airgap will be possible.
The same boundary-value solver is used in fully non-linear simulations, combined with

an original formulation for the non-linear di�raction problem. One of the advantages of this
formulation is that incident and di�racted waves may be represented using di�erent approaches.
For instance, a 2D scheme may be used to provide an accurate representation of incoming
waves, at a negligible cost with respect to that of the 3D model used to simulate the di�raction
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of this incident wave. In addition, the perturbations represented by (�d; �d) are composed of
waves propagating in radial directions, allowing relatively coarse meshes to be adopted far
from the body, in the absorbing zone. This results in considerable savings of memory and CPU
time, without loss of accuracy. On the other hand, this formulation is not universal and relies
on the availability of an explicit model for the incident wave, with appropriate continuity
properties across the incident wave pro�le. Initially developed with regular incident waves
represented by a stream-function model, the formulation has been extended in this paper
to more general irregular incoming waves, by coupling the 3D BEM di�raction code with
a 2D fully non-linear pseudospectral formulation for unsteady inviscid free surface �ows.
The e�ectiveness of this coupling is demonstrated by simulating the di�raction of 2D wave
packets of increasing steepness with a vertical bottom-mounted cylinder. In the near future,
the pseudospectral solver will be improved in order to simulate the generation of waves by a
physical wave maker. Other developments include the modelling of short-crested wave systems
using the pseudospectral approach, and their interaction with structures.
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